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1. Using the principal of Mathematical induction prove that  

for all 𝑛 ∈ ℤ+  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 Sketch the graph of = ||𝑥 − 2| − 2| . Hence or otherwise solve the equation ||𝑥 − 2| − 2| =
𝑥

2
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∑ 2𝑟 = 2(2𝑛 − 1)
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[see page three 
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3 Shade the region 𝑅 that represents the complex number 𝑍 satisfying the condition 0 ≤ 𝐴𝑟𝑔𝑍 ≤
𝜋

3
  in 

an Argand Diagram.  

Also find the least Value of |𝑖𝑍 + 2| in the region 𝑅. 

 

 

   

  

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 Write down the binomial expansion of (1 + 𝑥)𝑛 in ascending powers of 𝑥. Given that the 

coefficient of 𝑥2 in the expansion  (1 + 𝑥 + 𝑎𝑥2)7 is 14. Show that 𝑎 = −1. 
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5 Show that    𝑙𝑖𝑚
𝑥→

𝜋

4

  
2√𝑥−√𝜋

𝑠𝑖𝑛(𝑥−
𝜋

4
)
  =  

2

√𝜋
    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6 If 𝑓(𝑥) = (𝑥 + 1)𝑡𝑎𝑛−1√𝑥 − √𝑥 ,  then find 
𝑑[𝑓(𝑥)]

𝑑𝑥
.  Hence, deduce∫ 𝑡𝑎𝑛−1√𝑥 𝑑𝑥. The region 

enclosed by the curves 𝑦 = √𝑡𝑎𝑛−1√𝑥 , 𝑥 = 3 and 𝑦 = 0 is rotated about the 𝑥 − axis through 2𝜋 

radians. Show that the volume of the solid thus generated is  
𝜋

3
(4𝜋 − 3√3) cubic units.  
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7 A curve C is given by the parametric equations 𝑥 = 𝑎 cos 𝜃 and 𝑦 = 𝑏 sin 𝜃 for  (0 ≤ 𝜃 ≤ 𝜋). 

Show that the equation of the normal to the curve C, at point P, is 

𝑎𝑥 sec 𝛼 − b𝑦cosec 𝛼 + 𝑏2 − 𝑎2 = 0 .   

Also find the normal to the curve C, at point  (−
𝑎

√2
,

𝑏

√2
) on the curve C. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

8 The straight line 𝑙 ≡ 𝑦 − 𝑚𝑥 = 0 passes through the point of intersection of two 

straight lines 4𝑥 + 3𝑦 − 𝑘 = 0, where 𝑘 is constant and  5𝑥 − 12𝑦 + 7 = 0. Find the 

value of 𝑚 in terms of 𝑘. Further, given that the line, 𝑙 = 0 is perpendicular to the line 

𝑥 + 𝑦 = 0. Find the values of  𝑚 and 𝑘. 
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9 A circle 𝑆 with centre on the y-axis intersects the circle 𝑥2  +  𝑦2  =  9 orthogonally and the circle  

𝑥2 + 𝑦2 + 𝑥 − 7𝑦 + 5 = 0 bisects the circumference of the circle 𝑆. Show that there are two such 

circle 𝑆, and find their equations.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

10 Given that 𝑡𝑎𝑛𝐴 =
5

12
 and 𝑠𝑖𝑛𝐵 =

4

5
;   Where A and B are such that 𝜋 < 𝐴 <

3𝜋

2
  and 

𝜋

2
< 𝐵 < 𝜋. 

Find the value of 𝑠𝑖𝑛(𝐴 + 𝐵) 
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11 (a) Write down the sum and the product of  the roots of  quadratic equation 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0, in 

 terms of 𝑎, 𝑏 and  𝑐 where 𝑎, 𝑏, 𝑐 ∈ ℝ, 𝑎 ≠ 0 

 Given that 𝑓(𝑥) ≡ 𝑥2 − 𝑝2𝑞𝑥 + 𝑞2 where 𝑝, 𝑞 ∈ ℝ+ and roots of the equation 𝑓(𝑥) = 0 are 

α and β.    

(i) Find 𝛼
3

2 + 𝛽
3

2 in terms of 𝑝 and 𝑞. 

(ii) If α  and β are real, then find the least integer value of  𝑝. 

(iii) For the above 𝑝 value find the quadratic equation in terms of 𝑞, whose roots are 

𝛼
3

2 and 𝛽
3

2 . 

 

 (b)  Let  𝑃(𝑥) ≡ 2𝑥3 + 𝑥2 − 2𝑥 +  𝜆 ; where 𝜆 ∈ ℝ+ 

(i) If  𝜆  is zero of the polynomial 𝑃(𝑥), find 𝜆 

(ii) If  −𝜆  is zero of the polynomial 𝑃(𝑥), find 𝜆 

(iii) For the value of 𝜆 which satisfies both (i) and (ii), write down the polynomial  𝑃(𝑥) and 

express  𝑃(𝑥) as a multiple of linear factors. 

(iv) Find the remainder, when 𝑃(𝑥) + 3𝑥 + 2 is divided by 𝑥2 + 1. 

 

12  (a) An institution has 8 cars and there are parking facilities in two rows, 4 cars in each row in the  

  park.  

(i) Find the number of ways in which 8 cars can be parked. 

(ii) Find the number of ways in which 8 cars can be parked, if the first place in the first row is 

to be reserved for chairman’s car and a place in the first row for the car of secretaries. 

(iii) If the first place in the first row should be given to either one of the two cars of 

chairman’s or secretaries, and if the other car should also have a place in the first row, 

find the number of ways in which the cars can be parked. 
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Part B 
 Answer five questions only    

[see page eight 
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(b) Find the value of the constants A and B such that, 

; where 𝑟𝜖ℤ+.  

 

 

If,      then determine 𝑓𝑟  such that 𝑈𝑟 = 𝑓𝑟 − 𝑓𝑟+1 

 

Hence, show that  

 

Is this series convergent? Justify your answer. 

If,    then find greatest value of  𝑛. 

 

 

13   (a) If  A = ( 
2 1 
1 0

), show that any real matrix B which commutates with A, under multiplication, 

  can be written in the form 𝜆𝐴 + 𝜇𝐼, where 𝜆 𝑎𝑛𝑑 𝜇 are real numbers and 𝐼 is the identity matrix 

  of order 2. Find the value of 𝜆 𝑎𝑛𝑑 𝜇  𝑤ℎ𝑒𝑛 𝐵 =  𝐴2  Hence Find 𝐴−1. 

(b) By Factorizing  𝑍6-1, completely solve the equation 𝑍6 = 1.  

  If  𝑍1 and 𝑍2 are any two distinct roots of the equation  𝑍6 = 1, show by reference to an Argent 

  diagram, or otherwise, that the three possible values of  |𝑍1 − 𝑍2| are 1, 2 and √3. 

(c) By using De moivre’s theorem for positive integer 𝑛, 

 Show that  

 

 Deduce that,  

14  (a) Let  𝑓(𝑥) =  
𝑥(𝑥+3)

(𝑥+1)2   for   𝑥 ≠ −1 

  Show that 𝑓′(𝑥) the first derivative of 𝑓(𝑥) with relative to 𝑥, is given by 

 𝑓′(𝑥) =  − 
(𝑥−3)

(𝑥+1)3 

. 

 Hence, find the intervals on which 𝑓(𝑥)  is decreasing and the intervals on which 𝑓(𝑥) is 

 increasing.  

 Obtain the coordinates of the turning point of 𝑓(𝑥). 

 It is given that  𝑓′′(𝑥) =  
2(𝑥−5)

(𝑥+1)4  for 𝑥 ≠ −1. 

Find the coordinates of the point of inflection on the graph of 𝑦 = 𝑓(𝑥). 

 Sketch the graph of 𝑦 = 𝑓(𝑥) indicating the asymptotes, turning point and point of inflection. 

 

 

  

∑ 𝑈𝑟 = 2 −
(𝑛 + 2)

𝑛2 + 𝑛 + 1

𝑛

𝑟=1

 

𝑟2 + 3𝑟 − 1

(𝑟2 − 𝑟 + 1)( 𝑟2 + 𝑟 + 1)
=  

𝐴𝑟 + 𝐵

𝑟2 − 𝑟 + 1
−

𝐴𝑟 + 2𝐵

𝑟2 + 𝑟 + 1
  

𝑈𝑟 =  
𝑟2 + 3𝑟 − 1

(𝑟2 − 𝑟 + 1)(𝑟2 + 𝑟 + 1)
 

  (
1+𝑠𝑖𝑛𝜃+𝑖𝑐𝑜𝑠𝜃

1+𝑠𝑖𝑛𝜃−𝑖𝑐𝑜𝑠𝜃
)

𝑛
= cos 𝑛 (

𝜋

2
− 𝜃) + 𝑖𝑠𝑖𝑛 𝑛 (

𝜋

2
− 𝜃)   

 

 

 

 

 

 

  (
1+𝑖

1−𝑖
)

2𝑛
= (−1)𝑛  

∑ 𝑈𝑟 < 2 −
11

91
 

𝑛

𝑟=1

 

[see page nine 
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(b) The shaded region shown in the figure is obtained by 

removing a semicircular lamina of radius  𝑥 𝑚 from a 

rectangle of length 2(𝑥 + 𝑦) 𝑚 and width  𝑥 𝑚.  

The area of the rectangle is 8𝜋 𝑚2. Show that the 

perimeter p of the shaded region, measured in meters, is given by  𝑃 = 𝜋 (𝑥 +
16

𝑥
) 

15  (a) Determine the values of constants A, B and C such that  

𝑥4 + 1 = 𝐴(𝑥4 − 1) + 𝐵(𝑥2 + 1)(𝑥 + 1) + 𝐶(𝑥2 + 1)(𝑥 − 1) − (𝑥2 − 1) for 𝑥 ∈ ℝ  ,   

hence, find ∫
𝑥4+1

𝑥4−1
𝑑𝑥  

(b) (i) If 𝑦 = 𝑥 + 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛3𝑥 show that 
𝑑𝑦

𝑑𝑥
= 1 + 3𝑠𝑖𝑛2𝑥 − 4𝑠𝑖𝑛4𝑥.   

 Given that 𝐼 = ∫  (𝑥 + 3𝑥 𝑠𝑖𝑛2𝑥 − 4𝑥 𝑠𝑖𝑛4𝑥) 𝑑𝑥
𝜋

2
0

. By using above result and using 

 integration by parts, Show that 𝐼 =
1

8
(𝜋2 − 2)  

 

(ii)  Further given that, 

  𝐽1 = ∫  (1 + 3𝑐𝑜𝑠2𝑥 − 4𝑐𝑜𝑠4𝑥) 𝑑𝑥
𝜋

2
0

   

 𝐽2 = ∫  (𝑥 + 3𝑥 𝑐𝑜𝑠2𝑥 − 4𝑥 𝑐𝑜𝑠4𝑥) 𝑑𝑥
𝜋

2
0

   

 Using the result  ∫  𝑓(𝑥) 𝑑𝑥 =
𝑎

0
∫  𝑓(𝑎 − 𝑥) 𝑑𝑥

𝑎

0
  

 Show that  𝐼 =
𝜋

2
𝐽1 − 𝐽2  

 Now given that  
𝑑

𝑑𝑥
(𝑥 − 𝑠𝑖𝑛𝑥 𝑐𝑜𝑠3𝑥) = 1 + 2𝑐𝑜𝑠2𝑥 − 4𝑐𝑜𝑠4𝑥  

 show that  𝐽2 =
1

8
(𝜋2 + 2),  deduce the value of  𝐽1. 

 

(c) Using the substitution  √𝑥3 + 1 = 𝑡 , Evaluate ∫
𝑥8

√𝑥3+1
𝑑𝑥

2

0
. 
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16   𝑙1: 𝑥 − √3𝑦 + 1 + 𝑘 = 0 and 𝑙2: 𝑥 + √3𝑦 + 1 − 𝑘 = 0 are two given straight    

  lines passing through the point (−1, 3) show that  𝑘 = 3√3. 

For that value of k, find the equations of the angle bisectors between the straight lines 

𝑙1 = 0 and 𝑙2 = 0. 

Let, 𝑙 be the acute angle bisector of  𝑙1 and 𝑙2. Show that the point 𝐴 ≡ (2,3) lies on the line  

𝑙 = 0.  

Find the equation of the circle 𝑆 with centre 𝐴 and the length of the diameter is 3 units. 

Find the perpendicular distance from the point 𝐴 to the line 𝑙1 = 0, hence find the equation of 

the tangent drawn from (−1, 3) to the circle 𝑆. 

From a point 𝑃 on the line 𝑙 = 0, two tangents are drawn to the circle 𝑆 so that they are 

perpendicular to each other.  

Show that there are two such points for 𝑃 and in each case find the coordinates.  

Further, find the area of the quadrilateral which enclosed by the tangents. 

 

17  (a) (i) Write down cos(𝐴 + 𝐵) In terms of cos 𝐴 , cos 𝐵 , sin 𝐴 , sin 𝐵 and obtain an expression for 

   cos 3𝐴  in terms of  cos 𝐴. 

(ii) Determine constants 𝜆 and 𝑘 such that,  

2 cos 3𝑥 − 4𝑐𝑜𝑠5𝑥 + 3𝑐𝑜𝑠3𝑥

𝑐𝑜𝑠𝑥(1 + 𝑠𝑖𝑛2𝑥)
= 𝜆 cos 2𝑥 + 𝑘  

Hence, find the maximum and minimum values of 

𝑓(𝑥) =
2 cos 3𝑥 − 4𝑐𝑜𝑠5𝑥 + 3𝑐𝑜𝑠3𝑥

𝑐𝑜𝑠𝑥(1 + 𝑠𝑖𝑛2𝑥)
 

and sketch the graph of  𝑦 = 𝑓(𝑥) for  𝑥𝜖[−𝜋, 𝜋]   

(b)   A point 𝑃 is inside the triangle ABC, such that  𝑃�̂�𝐵 = 𝑃�̂�𝐶 = 𝑃�̂�𝐴 = 𝛼 

By applying Sine Rule for suitable triangles, write down two expressions for 𝑃𝐶1 and show 

that  𝑐𝑜𝑡𝛼 = 𝑐𝑜𝑡𝐴 + 𝑐𝑜𝑡𝐵 + 𝑐𝑜𝑡𝐶  

 

(c) Solve the equation 2𝑡𝑎𝑛−1(𝑐𝑜𝑠𝑥) = 𝑡𝑎𝑛−1(2𝑐𝑜𝑠𝑒𝑐𝑥)  for 𝑥𝜖 (0,
𝜋

2
). 

 

 

 

*** 


